
Sigma-Delta Learning for Super-resolution
Independent Component Analysis

Amin Fazel and Shantanu Chakrabartty
Department of Electrical and Computer Engineering

Michigan State University
East Lansing, Michigan 48824-1226

Email: {fazel, shantanu}@egr.msu.edu

Abstract— Many source separation algorithms fail to deliver
robust performance in presence of artifacts introduced by
cross-channel redundancy, non-homogeneous mixing and high-
dimensionality of the input signal space. In this paper, we
propose a novel framework that overcomes these limitations
by integrating learning algorithms directly with the process of
signal acquisition and sampling. At the core of the proposed
approach is a novel regularized max-min optimization approach
that yields “sigma-delta” limit-cycles. An on-line adaptation
modulates the limit-cycles to enhance resolution in the signal sub-
spaces containing non-redundant information. Numerical experi-
ments simulating near-singular and non-homogeneous recording
conditions demonstrate consistent improvements of the proposed
algorithm over a benchmark when applied for independent
component analysis (ICA).

I. INTRODUCTION

Separation or recovery of sources of interest within high-
dimensional data constitutes a fundamental problem in neural
network research [1], [2]. Most source separation algorithms
reported in literature operate by learning parameters of a linear
or non-linear transformation that projects the high-dimensional
data onto a linear or a non-linear manifold while preserv-
ing or optimizing some topological (distance) or statistical
property of the data. Some of the examples include principal
component analysis [3], independent component analysis [4],
[5], factor analysis [6], and projection pursuit [7] that have
been successfully applied to different areas of science and
engineering. Independent component analysis belongs to a
class of source separation algorithms where the objective is
to recover signals or factors that are statistically independent
with respect to each other [4], [8]. Since its inception [9],
different variants of ICA algorithms have been proposed based
on the notion of statistical independence [10], [11]. In their
classical setting, ICA and other source separation algorithms
are formulated independent of the signal measurement process
(analog-to-digital process) and therefore they do not consider
the detrimental effects of finite resolution on the performance
of the learning algorithm. However, in the case of micro/nano-
scale microphone arrays, the mutual dependency of signal
measurement and the learning algorithms can not be ignored
due to the following reasons:

• Far-field effects: Distance between recording elements
on the array is much smaller than the distance of the

sources to the sensor array. As a result, the mixing of
signals at the sensors is near singular.

• Near-far effects: A stronger source that is nearer to
the sensor array can completely mask weak background
sources.

• High-dimensionality of input analog signals due to high
integration density of the microphones.

Overcoming these artifacts would require super-resolution
processing of the high-dimensional analog space such that
acute differences between input signals. In signal processing
and circuits community, ΣΔ modulation have been the de-
facto choice for designing high-resolution analog-to-digital
converters [12]. In fact resolution greater than 16 bits (greater
than 100dB dynamic range) is common for sigma-delta
ADCs [12]. Therefore, capturing the dynamics of sigma-delta
modulation within the context of statistical learning theory
could provide cues for constructing learning algorithms that
can process signals at resolutions demanded by high-density
arrays. The core principle of the proposed learning algorithm
is depicted using Figure 1 which shows a typical distribution
for a two-dimensional signal acquired through a high-density
array. It can be seen in Figure 1(a) that the distribution is
near singular and that the measurements x1 and x2 show
high-degree of correlation. Our approach is to first determine
a quantized representation of a transformation matrix W,
that will align the data distribution along the orthogonal
axes, each representing an independent component (shown
in Figure 1(b)). Based on this alignment, the scale of the
quantization operation will be adjusted along each of the axes
such that all the quantization levels (represented by ticks) span
the information bearing region of the signal space at super-
resolution scales (Figure 1(c)).

II. ΣΔ LEARNING

In this section we describe a generalized form of the max-
min optimization framework introduced in [13] that unified
statistical learning with ΣΔ modulation. Given a random input
vector x ∈ RM and an internal state vector v ∈ RM , a ΣΔ
learner estimates the parameter of a linear transformation ma-
trix W ∈ RM ×RM according to the following optimization
criterion:

max
W∈C

(min
v

C(v,W)) (1)
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Fig. 1. Illustration of the proposed approach: (a) input signal distribution,
(b) signal transformation and (c) resolution enhancement

where
C(v,W) = Ω(v) − vT Ex{WT x}. (2)

Ex{.} denotes an expectation operator with respect to the
random variable x. C denotes a constraint space of the trans-
formation matrix W. Ω(.) is a piece-wise linear regularization
function that will be used for implementing quantization
operators. This is illustrated in Figure 2 which shows examples
of one-dimensional regularization functions Ω(.). The piece-
wise behavior of Ω(.) will lead to discontinuous gradients
∇Ω (shown in Figure 2(b)) which are equivalent to func-
tions used for signal quantization. The minimization step in
equation (1) will ensure that the state vector v is correlated
with the transformed input signal Wx (tracking step) and the
maximization step in (1) will adapt the parameters W such
that it minimizes the correlation (de-correlation step). The
formulation bears similarities with game-theoretic approaches
where tracking and de-correlation have been formulated as
conflicting objectives. The uniqueness of the proposed ap-
proach, compared to other optimization techniques to solve (1)
is the use of bounded gradients to generate ΣΔ limit-cycles.
This is shown in Figure 3 which illustrates the proposed opti-
mization procedure using a two-dimensional contour. Provided
the input x and the norm of the linear transformation ||W ||∞
are bounded and the regularization function Ω satisfies the
Lipschitz condition, the optimal solution to (1) is well defined
and is given by v∗ = 0 (see Figure 3). In the proposed
approach, however, only the path to the final solution v∗ and
the limit-cycles about the solution (see Figure 3) will be of
importance. The path and the limit-cycles will encode the
topology of the optimization manifold which is defined by
input vector x and the transformation W.

A. ΣΔ Modulation

The link between optimization (1) and ΣΔ modulation is
the minimization operation in (1) where a stochastic gradient
descent step yields

vn = vn−1 + WT
nxn − dn (3)

with n signifying the time steps and dn = ∇Ω(vn−1) being
the quantized representation according to functions shown in
Figure 2. Note that the formulation (3) does not require any
learning rate parameters typically used in other neural network
approaches. As the recursion (3) progresses, bounded limit

Fig. 2. One dimensional piece-wise linear regularization functions (a) two
level (b) multi-level

cycles are produced about the solution v∗ (see Figure 3).
It can be shown that for ||Wn||∞ ≤ 1 then ||vn||∞ ≤ 1,
which leads to En{dn} n→∞−→ En{Wnxn}, where En{.}
denotes an empirical expectation with respect to time indices
n. Thus, recursion (3) produces a quantized sequence whose
mean asymptotically encodes the transformed input at infinite
resolution. For a stationary input source, Wn converges to
an asymptotic value W∞, which then can be used for re-
construction according to En{x̂n} ≈ W−1

∞ En{dn}, where
W−1

∞ is the inverse transform. The constraint space C could be
therefore chosen such that the inverse transform always exists.
An example of such a constraint space is a set of lower or
upper triangular matrices whose diagonal elements are fixed.

B. ΣΔ decorrelation

The maximization step (de-correlation) in equation (1)
yields updates for matrix W according to:

Wn = Wn−1 − 2−P dnψ(xn)T ;Wn ∈ C (4)

where ψ : RM → RM function dependent on the transforma-
tion W. For instance, ψ(.) could be chosen to be a quantized
function which yields a completely digital update for (4). P
in equation (4) is an update parameter which determines the
resolution of the parameter matrix W. In this paper, we have
chosen ψ(xn) = dn and the constraint space C has been
chosen to restrict W to be a lower triangular matrix with all
diagonal elements to be unity. The choice of this constraint
guarantees convergence of the updates (3) and (4). It can
be seen from the equation (4) that if ||W||∞ is bounded,
recursion (4) will asymptotically lead to En{dndT

n} → 0 for
W∞ ∈ C. Thus, the proposed ΣΔ learning algorithm produces
quantized sequences that are mutually orthogonal.

C. ΣΔ Resolution Enhancement

One of the advantages of integrating signal de-correlation
and dimensionality reduction with the analog-to-digital con-
version is the ability to enhance the overall resolution of
the system by “zooming” into the transformed signal space
that contains low energy (for example dimension x2 in Fig-
ure 1(b)). This feature is essential for normalizing the signal
power of independent sources, especially when one of the
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Fig. 3. Limit cycle behavior using bounded gradients
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Fig. 4. Far-field recording on a miniature microphone array

sources is masked by another dominant source or common-
mode interference. The “zoom” mechanism can be incorpo-
rated by introducing a diagonal matrix Λ ∈ RM × RM into
the cost function (2) as

C(v,W,Λ) = Ω(ΛT v) − vT Ex{WT x}. (5)

where the optimization (1) is also performed with respect to
the parameter matrix Λ. The stochastic gradient step equivalent
to recursion (3) is given by

vn = vn−1 + (WT
n−1xn − ΛT

nDn) (6)

The asymptotic behavior of update (6) for equation (5) can be
expressed as En{Dn} n→∞→ Λ−1En{WT

nxn}. Thus reducing
the magnitude of diagonal matrix Λ will result in an equivalent
amplification of the transformed signal. The parameter Λ is
determined based on the following element-wise update

Λi = max |(Wnxn)i|;n > N0 (7)

which ensures that the updates (6) and (7) are always bounded.

III. APPLICATION OF ΣΔ LEARNING FOR FAR-FIELD

SOURCE SEPARATION

In literature far-field acoustics have been extensively studied
within context of array processing [14], [15] and plenacoustic

Fig. 5. Speech signals corresponding to: (a) recording at each of the two
microphones, (b) sources recovered after applying fastICA to an 8 bit ADC
(c) sources recovered by an 8 bit ΣΔ learner and fastICA

models [16]. We concisely describe a simplistic model that
have been previously used for miniature microphone arrays.
For audio signals (100-20,000 Hz), microphone arrays with
inter-element distances less than 3.4cm (coherence length) can
be approximated by far-field, where the acoustic wavefronts
can be considered planar (see Figure 4). Also, for miniature
microphone arrays the distance to the acoustic sources from
the center of the array can be assumed to be larger than inter-
element distance. We express the signal xj(pj , t) recorded at
jth microphone located at a 3-D position vector pj = (x, y, z)
as a superposition i ∈ 1, ..,D independent sources si(t)
recorded at the reference microphone (located at the center
of the array) [16]. This can be written as

xj(pj , t) =
∑

i

ci(pj)si(t − τi(pj)) (8)

where ci(pj) and τi(pj) are the attenuation and delay, relative
to the center of microphone array, for the source si(t) at
the position pj . Under far-field conditions it can be assumed
that ci(pj) ≈ 1 and τi(pj) << t. Similar other treatments
, equation (8) can be approximated using Taylor’s series
expansion as

xj(pj , t) ≈
∑

i

si(t) −
∑

i

τi(pj)ṡi(t). (9)

The first right hand part of the equation (9) signifies a
common-mode signal and the second part signifies an in-
stantaneous mixture of the derivative of the source signals.
Fortunately, for miniature arrays, the time delays can expressed
as linear terms as τi(pj) = uT

i pj/c, where ui is the unit
normal vector of the wavefront of source i. For distance of jth

microphone from reference position |d|min = uT
i pj = 1mm,

c = 340m/s and signal frequency of 1000Hz, any signal
processor has to resolve signals less than −70dB relative
to the common-mode. Figure 5(a) shows a sample recording
for a two microphone array when the placement between the
recording elements is 1cm.

For our experiments we simulated a recording conditions
of a miniature array consisting of 4 omni-directional micro-
phones. Three of the microphones were placed along a triangle
with distance being 1mm, whereas the fourth microphone was
placed at the centroid. The set up is similar to the conditions
that have been reported in [15] where the simulation have been
shown to closely approximate real-life anechoic conditions.
To simulate microphone and amplifier noise wide-band noise
were added to each of the mixed sources. Also, the simulations
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Fig. 6. Comparative study for different ΣΔ over-sampling ratio
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Fig. 7. Comparative study for different mixing conditions quantified by its
condition number.

were performed assuming up to 5% mismatch in the gain of
the microphones. For all experiments three independent speech
signals were chosen as far-field sources and the location of the
sources were varied to generate different mixing conditions at
the microphone array. The outputs of the microphone array
were first presented to the proposed ΣΔ learner, subsequent
to which, only three of the outputs are used as inputs to the
FastICA algorithm [4]. A benchmark used for comparative
study consisted of ΣΔ converters which directly quantized
the mixtures recorded at the four microphones. Figures 5(b)
and (c) show the recovered speech signal when FastICA
algorithm was applied to an eight bit quantized signal and
when FastICA algorithm is applied subsequent proposed ΣΔ
learning algorithm operating at an oversampling ratio of 256
(8 bits). The quality of separation produced by the proposed
algorithm and its benchmark have been compared using signal-
to-interference ratio (SIR) and signal-to-distortion ratio [17]
which takes into account degradation due to noise and cross-
channel leakage.

The experimental results are summarized by Figure 6 and

Figure 7, where the SIR is computed for each of the sources
(S1-S3) for different values of oversampling ratio N , and for
different placement of far-field sources (quantified using the
condition number of the mixing matrix). In both the cases,
the proposed ΣΔ learner (denoted by “with”) outperforms
its benchmark (denoted by “without”) which completely fails
to resolve acute differences between microphone signals for
different over-sampling ratio and for near singular mixing
(large condition number).

IV. CONCLUSION

In this paper, we have proposed a novel framework that
integrates machine learning with analog-to-digital conversion.
One of the applications of this integration is the ability to
resolve acute differences in signals recorded using a miniature
microphone array where classical approach of digitization fol-
lowed by source separation fails to produce robust results. Us-
ing numerical simulations we have shown that the framework
demonstrates consistent improvements in performance over a
benchmark system when applied for independent component
analysis.
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