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Abstract— Approximation techniques are useful for imple-
menting pattern recognizers, communication decoders and sen-
sory processing algorithms where computational precisionis
not critical to achieve the desired system level performance.
In our previous work, we had proposed margin propagation
(MP) as an efficient piece-wise linear (PWL) approximation
technique to a log-sum-exp function and had demonstrated
its advantages for implementing probabilistic decoders. In this
paper, we present a systematic and a generalized approach for
synthesizing analog piecewise-linear (PWL) computing circuits
using the MP principle. MP circuits use only addition, subtraction
and threshold operations and hence can be implemented using
universal conservation principles like the Kirchoff’s current
law. Thus, unlike the conventional translinear CMOS current-
mode circuits, the operation of the MP circuits are functionally
similar in weak, moderate and strong inversion regimes of the
MOS transistor making the design approach bias-scalable. This
paper presents measured results from MP circuits prototyped
in a 0.5µm standard CMOS process verifying the bias-scalable
property. As an example, we apply the synthesis approach
towards designing linear classifiers and we verify its performance
using measured results.

Index Terms— Piecewise-linear (PWL) circuit, margin prop-
agation (MP), analog computation, translinear, current-mode
circuits, moderate-inversion circuits.

I. I NTRODUCTION

FOR applications that do not require high computational
precision (e.g. pattern matching), current-mode analog

signal processing (ASP) offers several advantages over digital
signal processing techniques in terms of energy efficiency
and speed [1], [2]. By exploiting the computational primitives
inherent in the device physics, complicated mathematical
functions can be implemented in analog, using significantly
lower number of transistors as compared to its digital coun-
terparts [2], [3]. The most popular approach for synthesizing
current-mode analog computational circuits is based on the
translinear principle which exploits the exponential current-to-
voltage relationship observed in bipolar transistors [4],[5] and
metal-oxide-semiconductor (MOS) transistors biased in weak-
inversion [6]–[8]. In [9], [10], the translinear principlehas
also been extended towards synthesizing current-mode circuits
using MOS transistors biased in strong-inversion.

All CMOS based translinear synthesis techniques share one
common property: they rely on the physical response of the
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MOS transistor operating either in strong or weak inversion.
Hence, translinear circuits designed to operate in one biasing
regime are generally not portable to the other. Also, while
operating in weak-inversion is beneficial for achieving superior
energy-efficiency and while operating in strong-inversionis
beneficial for achieving higher-speed, it has been argued
that a better speed-energy trade-off is achievable when the
transistors are biased in the moderate inversion regime [11],
[12]. Currently, no current-mode synthesis technique exists for
implementing mathematical functions using MOS transistors
biased in moderate inversion. However, if we can design
circuits that operate using only universal conservation laws
(e.g. current or charge conservation), the circuits shouldbe
portable across different biasing conditions.

In this paper we propose a bias-scalable framework for
synthesizing analog computational circuits based on a margin
propagation (MP) principle which uses only thresholding
operations and the Kirchoff’s current conservation principle.
MP principle was introduced in [13] as a piece-wise linear
(PWL) approximation to the log-sum-exp function which is
extensively used in communications [14], optimization [15]
and learning [13] algorithms. In this paper we show that the
MP principle can be used to implement a wide-range of linear
and non-linear mathematical functions. An important attribute
of MP based synthesis is that all computations are performed
in the logarithmic domain, as a result of which multiplications
map into additions, divisions map into subtractions and power
computations map into multiplications. This simplifies the
implementation of many complicated non-linear functions.

We illustrate the basic synthesis procedure using a simple
example. Consider a functionf given by

f = a1 · b1 + a2 · b2 (1)

where a1, a2, b1, b2 ∈ R are the operands and· denotes a
multiplication operator. The operands can be converted into
their differential form according to

a1 = a+1 − a−1 , a2 = a+2 − a−2 ,
b1 = b+1 − b−1 , b2 = b+2 − b−2 ,

wherea+1 , a
−

1 , a
+
2 , a

−

2 , b
+
1 , b

−

1 , b
+
2 , b

−

2 > 0 are positive differ-
ential components. Each of these positive components can be
converted into its logarithmic form as:

L+
a1

= log a+1 , L−

a1
= log a−1 ,

L+
a2

= log a+2 , L−

a2
= log a−2 ,

L+
b1

= log b+1 , L−

b1
= log b−1 ,

L+
b2

= log b+2 , L−

b2
= log b−2 .
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Accordingly, (1) can be converted into

f = ez
+

− ez
−

, (2)

wherez+ andz− are expressed as

z+ = log
(

eL
+
a1

+L
+

b1 + eL
−

a1
+L

−

b1 + eL
+
a2

+L
+

b2 + eL
−

a2
+L

−

b2

)

z− = log
(

eL
+
a1

+L
−

b1 + eL
−

a1
+L

+

b1 + eL
+
a2

+L
−

b2 + eL
+
a2

+L
−

b2

)

(3)

Thus, evaluation of the functionf can be decomposed into
three steps: (a) input processing step which computes the log-
likelihoodsL+

x and L−

x based on the inputx; (b) log-sum-
exp computation step given by equations (3); and (c) output
processing step which computesf based on equation (2). We
will show in this paper that for most functions, the input and
the output processing steps are similar to equations shown
above. The only difference in processing lies in the form of
the log-sum-exp functions as shown in equation (3).

In MP based synthesis the objective will be to approximate
the log-sum-exp functions and in the process generate different
forms of linear and non-linear functions. Fig. 1 shows the
architecture of a generic MP-based analog signal processor.
The input differential signalsa = a+ − a−, b = b+ − b−

are converted into their logarithmic form, processed by an
MP circuit and the differential outputsz+ and z− are used
to compute the final output according to (2). For many
applications, for instance in pattern recognition, only the sign
of z+− z− is important, so the output stage could potentially
be replaced by just a comparator.
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Fig. 1. Generic architecture of an MP-based analog processor

The paper is organized as follows: Section II briefly de-
scribes the mathematical concepts underlying the MP based
approximation followed by section III which presents ex-
amples of MP circuits implementing the basic mathematical
functions. We juxtapose the theoretical and measured results
in this section to demonstrate the bias-scalable property of the
MP circuits. All the measured results presented in this paper
have been obtained from circuits prototyped in a standard
0.5µm CMOS technology. Section IV analyzes the scalability
of MP circuits with respect to fundamental noise, transistor
mismatch and speed. In section V, we illustrate the synthesis
procedure by designing an MP based linear pattern classifier.
In section VI, we conclude the paper by describing some
extensions of the proposed work.

II. L OG-SUM-EXP APPROXIMATION USINGMARGIN

PROPAGATION

z

L1

Li - z +

Fig. 2. Illustration of reverse water-filling procedure

Given a set of likelihood scoresLi, i = 1, .., N , a general
form of log-sum-exp function is given by

zlog = log

(

N
∑

i=1

eLi

)

. (4)

In MP approximation,zlog is estimated usingz which is
computed according to a reverse water-filling constraint [16]
expressed as:

N
∑

i=1

[Li − z]+ = γ, (5)

where[·]+ = max(·, 0) denotes a threshold operation and
γ ≥ 0 represents a parameter of the algorithm. The solution
to equation (5) can be visualized using Fig. 2, where the
cumulative score beyondz (shown by the shaded area) equals
γ . It can be shown thatz is a PWL approximation tozlog
and the sketch of the proof is summarized in Appendix I. For
the rest of this paper, we will denote the MP function as

z = M(L1, . . . , LN , γ). (6)

The MP based PWL approximation is illustrated graphically
for the following function

φ(L1, L2) = log

(

1 + eL1+L2

eL1 + eL2

)

, (7)

which is commonly used for implementing communication
decoders [17], [18]. First, similar to our example in section
I, we expressφ(·) in terms of the differential components of
its arguments, i.e.,L1 = L+

1 − L−

1 , L2 = L+
2 − L−

2 as

φ(L1, L2)=log

(

eL
−

1+L
−

2 +eL
+
1+L

+
2

eL
−

1+L
+
2 +eL

+
1+L

−

2

)

,

=log
(

eL
−

1+L
−

2 +eL
+
1+L

+
2

)

−log
(

eL
−

1+L
+
2 +eL

+
1+L

−

2

)

.

(8)

Thus,φ(L1, L2) is represented as a difference of two “log-
sum-exp” functions, each of which is approximated by its MP
equivalent as:

φ(L1, L2)≈M(L−

1 +L−

2 , L
+
1 +L+

2 ,γ)−M(L+
1 +L−

2 , L
−

1 +L+
2 ,γ).
(9)
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Fig. 3 shows the MP-based PWL approximation ofφ(·) for
a fixed value ofγ, when one of the operandsL1 is varied.
The figure also shows the results when different number of
operandsL1, .., LN are used in equation (8). The results visu-
ally show that as the number of operands increase, more linear
splines are introduced in the MP function which improves
the quality of the approximation. This trade-off between the
approximation error and the number of operands also holds
for other forms of the log-sum-exp functions. In [19] we used
the MP approximation to implement an analog LDPC decoder
and compared its performance with an equivalent decoder [20]
using a min-sum approximation of equation (7). We would like
to point out that MP approximation is more general than the
min-sum approximation and both approximations are identical
whenγ → 0.
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Fig. 3. Trade-off between quality of approximation and the number of
operands as achieved by MP function

III. MP BASED COMPUTATIONAL CIRCUITS

A. Basic MP circuit

A current-mode circuit implementing the basic reverse
water-filling equation (5) is shown in Fig. 4. The four operands
L1 ∼ L4 in (6) are represented by currentsIL1

∼ IL4
. The

hyper-parameterγ in (6) is implemented by the currentIγ .
The circuit in Fig. 4 bears similarity to other parallel current-
mode circuits like the winner-take-all circuits. However,as
mentioned in the previous section, the MP implementation is
more general and forIγ → 0 the MP circuit implements a
winner-take-all function. The Kirchoff’s current law (KCL)
when applied to nodeA, is equivalent to the reverse water-
filling condition

∑4
i=1[ILi

− Iz ]+ = Iγ . Iz represents the
MP approximationM(L1, .., L4, γ), and[.]+ denotes a rectify
operation which is implemented by the PMOS diodesP1 ∼
P4. It can be readily verified that the PMOS diodes ensure
that VDS,Ni

= VSG,Pi
+ VDS,sat, whereVDS,Ni

is the drain-
to-source voltage drop across transistorNi, i = 1, .., 4, VSG,Pi

is the voltage drop across the PMOS diodes andVDS,sat is the
saturation voltage across the current sinkIγ . Thus, transistors
N1 ∼ N4 are always maintained in saturation irrespective of
the operation region (weak, moderate and strong inversion).
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Input Stage

Fig. 4. CMOS implementation of the core MP circuit.

This is important because the operation of the MP circuit relies
on the accuracy of the current mirrors formed byN0 ∼ N4.
Also, to ensure proper operation of the core MP circuit the

input currents have to satisfy the constraint
4
∑

i=1

ILi
≥ Iγ and

the input current range can be expressed as

1

2
µnCox(

W

L
)(
1

2
Vdd)

2 ≥ ILi
≥ 0. (10)

In the derivation of the upper-bound of the input current range
we have assumed that theILi

>> Iγ and the PMOS and the
NMOS transistors have similar drain-to-source voltage drops
(implying VB ≈ Vdd/2). It should be noted that the PMOS
diodes in circuit shown in Fig. 4 introduces a threshold voltage
drop which implies that the supply voltage has to be greater
than 2VGS + VDS . However, a low-voltage implementation
of the circuit in Fig. 4 is possible by replacing the PMOS
diodes by low-threshold active diodes [21], but at the expense
of larger silicon area, higher power dissipation and degraded
speed and stability.

Fig. 5. Die micrograph of the chip

We have prototyped a programmable version of the MP
circuit shown in Fig. 4 in a 0.5µm standard CMOS process.
The architecture of the prototype is shown in Fig. 6 and its
micrograph is shown in Fig. 5. A serial shift-register is used
for selectively turning on and off each of different branches of
currents. In this manner, the same MP circuit in Fig. 4 can be
reconfigured to implement different mathematical functions.
The architecture in Fig.6 uses an on-chip first-orderΣ∆
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Fig. 6. System architecture of the chip

modulator as an analog-to-digital converter for measurement
and calibration of the output currents. Because the circuits
used for implementing theΣ∆ modulator have been reported
elsewhere [22] we have omitted its implementation details in
this paper. The input currents and hence the operating region
(weak, moderate and strong inversion) of all the transistors
are adjusted by controlling the gate voltages of the PMOS
transistors. For each of the operating regions, the ADC is re-
calibrated to the maximum current and the measured results
(presented in the next sections) are normalized with respect to
the maximum current.

B. MP based Addition

To computea + b with respect to the two input variables
a and b, a ∈ R, b ∈ R the operands are first represented in
their differential formsa = a+ − a− and b = b+ − b− with
a+, a−, b+, b− ∈ R

+. Then, the operation is rewritten as in
Fig. 1

a+ b = a+ − a− + b+ − b−

=
(

a+ + b+
)

−
(

a− + b−
)

= elog(a
++b+) − elog(a

−+b−). (11)

All the operands are then mapped into a log-likelihood domain
according to

L+
a = log a+, L−

a = log a−,
L+
b = log b+, L−

b = log b−,

whereL+
a ∈ R, L−

a ∈ R, L+
b ∈ R, L−

b ∈ R. Since, our
circuit implementation uses only unipolar current sources, we
impose additional constraintsa+, a−, b+, b− > 1. Due to the
differential representation, this additional constraintwill not
affect the final output. Letz+ denotelog (a+ + b+) and z−

denotelog (a− + b−). Then, (11) can be written as

a+ b = ez
+

− ez
−

. (12)

andz+ can be expanded as

z+ = log
(

a+ + b+
)

= log
(

elog a+

+ elog b+
)

= log
(

eL
+
a + eL

+

b

)

. (13)

We now apply the MP approximation to the log-sum-exp
functions to obtain

z+ ≈ M(L+
a , L

+
b , γ). (14)

Similarly,

z− = log
(

a− + b−
)

= log
(

elog a−

+ elog b−
)

= log
(

eL
−

a + eL
−

b

)

≈ M(L−

a , L
−

b , γ) (15)

Since the equation (14) and the equation (15) uses only two
operands, its circuit level implementation is identical toFig.
4 except that it has only two input branches instead of four.
The single-ended circuit for addition is shown in Fig. 7.Iz+ ,
the current throughN0, represents the value ofz+. IL+

a
, IL+

b

andIγ representsL+
a , L+

b andγ respectively.

 I
N2N1N0

P1 P2
!z
I

!

aL
I !

bL
I

Fig. 7. MP circuit for implementing two operand addition

Fig. 8a (a)-(c) compares the outputz+− z− obtained using
floating-point implementation of the “log-sum-exp” functions,
using floating-point implementation of the MP approximation
and from measurements (normalized currents) using the fab-
ricated prototype.
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Fig. 8. Addition: z+ − z− computed according to (a) the original log-sum-exp function; (b) MP approximations (simulation); and (c) MP circuits
(measurement).
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Fig. 9. Addition: measurement results forz+−z− with transistors biased in (a)strong inversion; (b)moderate inversion; (c)weak inversion; (d)-(f) computation
errors for (a)-(c).

Fig. 9 (a)-(c) show the measurement results when the
transistors are biased in (a) strong inversion; (b) moderate
inversion; and (c) weak inversion. Fig. 9 (d)-(f) show the
approximation error between the measured response and the
software model. The results validate our claim for the addition
operation that MP approximation is scalable across different
biasing regions and the circuit in Fig. 7 approximates the
”log-sum-exp” function with a reasonable error. The error
increases when the circuit is biased in the weak inversion
and as with any sub-threshold analog VLSI circuit, which
we attribute to transistor mismatch, flicker-noise, and errors
introduced in mapping floating-point operands into analog
operands (currents).

C. MP based Subtraction

Synthesizing an MP circuit for subtractiona−b, with a andb
being the two operands is similar to the addition operation.The
operation can be written in a differential form asa = a+−a−

and b = b+ − b−, with a+, a−, b+, b− ∈ R
+ and satisfying

a+, a−, b+, b− > 1. Thus,a− b is written as

a− b =
(

a+ − a−
)

−
(

b+ − b−
)

=
(

a+ + b−
)

−
(

a− + b+
)

= elog(a
++b−) − elog(a

−+b+) (16)

which after conversion into a log-likelihood domain

L+
a = log a+, L−

a = log a−,
L+
b = log b+, L−

b = log b−,
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leads to

z+ = log
(

a+ + b−
)

= log
(

elog a+

+ elog b−
)

= log
(

eL
+
a + eL

−

b

)

≈ M(L+
a , L

−

b , γ) (17)

and

z− = log
(

a− + b+
)

= log
(

elog a−

+ elog b+
)

= log
(

eL
−

a + eL
+

b

)

≈ M(L−

a , L
+
b , γ) (18)

where z+ and z− are differential forms of the output log-
likelihoods as described in (2). The circuit implementation
of subtraction is identical to that of addition, except thatthe
input differential currents are now permuted. Fig. 10 compares
the measured response with software based “log-sum-exp” and
MP implementation. Also, Fig. 11 (a)-(c) shows the measured
results when the transistors are biased in the three different
operating regimes. Similar to the results obtained for the
addition operation, the measured result show the bias-scalable
operation of the MP circuits.

D. Four quadrant multiplication

Implementing a single quadrant multiplier using MP circuit
is straight-forward becausez = a · b in its logarithmic form
can be expressed as a sum of likelihoodsLz = La + Lb,
whereLx denotes the logarithm of the operandx. Thus, a
single quadrant multiplier requires only a current summation
and can be implemented using KCL. For an MP-based four-
quadrant multiplier the operationa · b is again expressed in
terms of the differential operands as:

a · b =
(

a+ − a−
)

·
(

b+ − b−
)

=
(

a+ · b+ + a− · b−
)

−
(

a− · b+ + a+ · b−
)

= elog(a
+
·b++a−

·b−) − elog(a
−

·b++a+
·b−). (19)

After log-likelihood mapping, the following differentialforms
are obtained

z+ = log
(

a+ · b+ + a− · b−
)

= log
(

elog(a
+
·b+) + elog(a

−

·b−)
)

≈ M
(

L+
a + L+

b , L
−

a + L−

b , γ
)

(20)

and

z− = log
(

a− · b+ + a+ · b−
)

= log
(

elog(a
−

·b+) + elog(a
+
·b−)

)

≈ M
(

L−

a + L+
b , L

+
a + L−

b , γ
)

(21)

The circuit implementing an MP based four-quadrant multi-
plier is shown in Fig. 12.Iz+ denotes the value ofz+. Iγ

representsγ. IL+
a

(IL−

a
), IL+

b

(IL+

b

) representL+
a (L−

a ), L+
b (L−

b )
respectively.
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Fig. 12. MP circuit for implementing four quadrant operand multiplication

Fig. 13 compares the measured outputz+−z− with the ideal
implementation of the model (20) and (21). Fig. 14 (a)-(c)
shows the measurement results when the transistors are biased
in: (a) strong; (b) moderate and (c) weak inversion along with
the respective approximation error. Again, the measured results
show the bias-scaling property of MP circuits.

E. Single Quadrant Division

Like the implementation of a single quadrant multiplication,
implementing a single quadrant division in logarithmic domain
is straight-forward. For operandsa, b > 0, division in the
logarithmic domain is equivalent to a subtraction operation
La−Lb which can be implemented using KCL. To implement
four quadrant division, the operation first requires extracting
the sign of the operand asx = sgn(x) · |x|, where|x| is the
absolute value ofx. A single quadrant division can now be
used for the absolute values and the sign of the final output
can be computed using only comparators.

F. Power and Polynomial Computation

For positive operands satisfyinga ∈ R
+, a > 1, computing

an, n ∈ Z
+ in the logarithmic domain is equivalent to

log (an) = n · log (a) ,

= n · La. (22)

which can be implemented using a simple current mirror
as shown in Fig. 15. Thus, in MP-based synthesis, power
functions like square-root or cube-root can be implemented
using current mirrors which significantly simplifies the im-
plementation compared to translinear based synthesis [7].
However, for a four-quadrant implementation of power and
polynomial function would require evaluating a Taylor expan-
sion using multiplication and addition operations. Details of
the implementation is provided in the Appendix II.

As an example, a four quadrant square functiona2 can be
implemented by expressing it as a product of two differential
operands as(a+ − a−) · (a+ − a−) which has an architecture
similar to the four-quadrant multiplier described in section III-
D. The differential outputz+ and z− corresponding to the
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Fig. 11. Subtraction: measurement results forz+ − z− with transistors biased in (a)strong inversion; (b)moderate inversion; (c)weak inversion; and (d)-(f)
show respective approximation errors.
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Fig. 15. A current mirror implementing the power function inlogarithmic
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square operation can be expressed in terms of differential log-
likelihood inputsL+

a , L
−

a as

z+ ≈ M
(

2L+
a , 2L

−

a , γ
)

(23)

z− = log 2 + L+
a + L−

a (24)

Fig.16 shows the measured results when the circuit in Fig. 12
has been configured to compute a four-quadrant square func-
tion. Again, the circuit is shown to approximate the “log-sum-
exp” function for strong-inversion, moderate-inversion and
weak-inversion biasing conditions.

IV. SCALABILITY ANALYSIS OF MP CIRCUIT

In Fig. 3, we showed that the accuracy of the PWL
approximation improves when the number of operands in the
margin function increases. In this section, we analyze the effect
of hardware artifacts (noise, mismatch, speed and input/output
impedance) on the performance and scalability of MP circuits.

−6 −4 −2 0 2 4 6
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Moderate inversion

Weak inversion

Fig. 16. Power:z+ − z− computed according to the log-sum-exp function,
the MP approximation simulation and the MP circuit measurement.

A. Noise and Mismatch Analysis of MP circuit

The noise model for the basic MP circuit in Fig. 4 is shown
in Fig. 17. For the following analysis we will assume that the
number of input current branches in the MP circuit equalsK.
Due to the MP constraint (5) we will assume that the noise
in only K − 1 of the parallel branches are uncorrelated (due
to KCL constraints). The total output noise powerI2n,z can
therefore be expressed as:

I2n,z =
K
∑

i=1

[

I2n,sourcei
(K − 2)2

+
I2n,Ni

(K − 2)2
+

I2n,Pi

g2mR2
source(K − 2)2

]

+
I2n,sink
K2

+ I2n,N0
(25)
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Fig. 17. Noise model for MP circuit in Fig. 4.

whereIn,sourcei , In,Ni
, In,Pi

, andIn,sink are noise currents
as shown in Fig. 17 andRsource is the output impedance
of the current sources. We have simplified the expression
in (25) by assumingK to be large and by assuming that the
small-signal parametersgm, Rsource for all the transistors are
approximately equal. Equation (25) can be written as

I2n,z,thermal =

[

1 +
2

K
+

1

g2mR2
sourceK

]

8

3
kTgm, (26)

where we have considered only the effect of thermal noise as
given byI2n = 8/3kTgm [23]. The effect of the flicker-noise
has been ignored in equation (26), because it exhibits a similar
dependency onK as the thermal-noise. Equation (26) shows
that as the number of branches (or operands)K increases, the
output noise reduces and in the limitK → ∞, the output noise
is just equal to the noise due to transistorN0. The reduction in
the output noise with the increase inK can be attributed to the
attenuation and averaging effect of theK stage current mirrors
formed byN1 ∼ NK . Also, it is important thatgmRsource >>
1, not only for reducing the effect of noise but also to ensure
that the input impedance of the MP circuit is much lower than
the output impedance of the current sources (see Fig. 17).

The mismatch analysis for the MP circuit follows a similar
procedure as the noise analysis. The MOS transistor mismatch
models used in the analysis are based on the work reported
in [24] which uses two technology dependent constantsAVT

andAβ that determine the mismatch variance as:

σ2(∆VT ) =
A2

VT

WL
(27)

(

σ(∆β)

β

)2

=
A2

β

WL
(28)

VT denotes the threshold voltage,β = µCoxW/L, W andL
represent the width and length of the MOS transistor. It is
also claimed in [24] that for MOS transistors the mismatch
in VT dominates the mismatch inβ. Therefore, in this paper,
our analysis is only be based on theVT mismatch. The error
varianceσ2(∆VT ) can be converted into an equivalent noise

current source in Fig. 17 according to

σ2(I) ≃ g2mσ2(∆VT ) = g2m
A2

VT

WL
(29)

Hence, similar to the noise analysis, the error variance in the
output currentσ2(Iz) is given by:

σ2(Iz) ≃

(

1 +
1

K
+

1

g2mR2
sourceK

)

g2m
A2

VT

WL
. (30)

Equation (30) shows that for a largeK the accuracy of the
MP circuit is limited by the mismatch due to the output
current mirror stageN0. Thus, all layout and impedance
transformation methods which are used for improving the
accuracy of current mirrors, like centroid layout and cascoding
techniques, can be used to improve the accuracy of MP
circuits. The use of cascoding at the output stage transistor
N0 increases the output impedance and makes the core MP
module scalable to implement large networks.

B. Speed and Bandwidth Analysis

As with other current-mode circuits, the transient response
of the MP circuits is determined by its: (a) slew-rate which
determines the large-signal response; and (b) bandwidth which
determines the small-signal response. The nodeA in Fig. 4 has
the largest capacitance and is discharged by the currentIγ .
Therefore, the slew-rate of the MP circuit can be expressed
as:

SRA =
Iγ

K(CGS,N + CGS,P + CDB,P )
(31)

where CGS,N represents the gate-to-source capacitance of
NMOS transistorN1 throughNK , andCGS,P /CDB,P denotes
the gate-to-source/drain-to-body capacitance of the PMOS
transistorP1 throughPK . Equation (31) shows that the slew-
rate will reduce when the number of input branchesK
increase. However, the small-signal bandwidth of the circuit
remains invariant with respectK and is determined by the
frequency of the pole located at nodeA and is given by

f−3dB,A =
gm,P

2π(CGS,N + CGS,P + CDB,P )
. (32)

gm,P represents the small-signal gate referred transconduc-
tance for the PMOS transistorsP1 ∼ PK . The slew-rate
and bandwidth analysis show that scaling of MP circuit is
limited by the application specific speed requirements which
is controlled by the currentIγ . However, unlike translinear
synthesis this limitation can be overcome in MP circuit by
re-biasing the circuit in strong-inversion.

C. Performance comparison with Translinear synthesis

In this section, we summarize and compare the performance
of CMOS circuits designed using MP based synthesis with
circuits designed using translinear synthesis. The comparisons
made here are qualitative in nature because many of the
performance metrics (silicon area and power dissipation) are
dependent on the topology and complexity of the translinear
(TL) circuit.
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• Accuracy: MP based synthesis relies on PWL approxi-
mations at the algorithmic level. However, the accuracy
of its circuit level implementation using CMOS current-
mode circuit is only limited by mismatch. Our analysis
in the previous section showed that the techniques used
for designing precision current-mirrors can also be used
to improve the accuracy of the MP circuits. TL based
synthesis, on the other hand, are precise at the algorith-
mic level. However, their mapping to CMOS current-
mode circuits is approximate due to the effect of sub-
threshold slope (unlike bipolar transistors) and finite drain
impedance. These artifacts also introduce temperature
dependency in TL circuits, whereas MP circuits are
theoretically temperature invariant. Also, due to their
operation in weak-inversion, CMOS TL circuits are more
prone to errors due to mismatch, whereas the MP circuits
can be re-biased in strong-inversion if higher precision is
desired, but at the expense of higher power dissipation.

• Dynamic range: The bias-scalable property of the MP
circuit enables it to achieve a larger dynamic range com-
pared to a TL circuit. Also, MP synthesis uses currents to
represent log-likelihoods which can also achieve a larger
dynamic range.

• Speed:For an MP circuit higher speed can be achieved by
re-biasing the circuit in strong-inversion, without chang-
ing the circuit topology. For CMOS translinear circuits
higher speed can be achieved by the use of large currents
which implies using large size transistors to maintain their
operation in the weak inversion. This will increase the
silicon area when compared to an equivalent MP circuit.

V. A PPLICATION EXAMPLE : PATTERN CLASSIFIER

One of the applications where ultra-low power analog
computing is attractive is pattern classification [2], [25]. Most
pattern classifiers do not require high precision and any analog
artifacts (like mismatch and non-linearity) can be calibrated
using an offline training procedure. In this example, we use the
MP circuits to design a bias-scalable linear classifier. A linear
classifier implements an inner-product computation between a
weight vectorw ∈ R

n and the classifier inputx ∈ R
n and is

given by
f = w

T
x (33)

The weight vectorw is determined by an offline training
procedure [2] using a labeled training dataset. The two vectors
−→
w and−→x are expressed in differential form as

−→
w = −→

w
+ −−→

w
−

= [w+
1 , w

+
2 , ..., w

+
N ]T − [w−

1 , w
−

2 , ..., w
−

N ]T

−→
x = −→

x
+ −−→

x
−

= [x+
1 , x

+
2 , ..., x

+
N ]T − [x−

1 , x
−

2 , ..., x
−

N ]T (34)

with all thew+
i (w−

i ) andx+
i (x−

i ) ∈ R
+. Then equation (33)

can be rewritten as

−→
w

T
· −→x =

N
∑

i=1

(

w+
i x

+
i + w−

i x
−

i

)

−

N
∑

i=1

(

w+
i x

−

i + w−

i x
+
i

)

= elog
∑

N

i=1(w
+
i
x
+
i
+w

−

i
x
−

i ) − elog
∑

N

i=1(w
+
i
x
−

i
+w

−

i
x
+
i )

= ez
+

− ez
−

. (35)

whenz+ andz− are expressed as

z+ = log

N
∑

i=1

(

w+
i x

+
i + w−

i x
−

i

)

≈ M(Lw1

+ + Lx1

+, Lw1

− + Lx1

−, ...,

LwN

+ + LxN

+, LwN

− + LxN

−, γ)

z− = log

N
∑

i=1

(

w+
i x

−

i + w−

i x
+
i

)

≈ M(Lw1

+ + Lx1

−, Lw1

− + Lx1

+, ...,

LwN

+ + LxN

−, LwN

− + LxN

+, γ). (36)

Lwi

+(Lwi

−) and Lxi

+(Lxi

−) denote the logarithms of
w+

i (w−

i ) andx+
i (x−

i ) in equation (35). For a binary classifier,
only the sign ofz+−z− is important, implying that the output
stage in the architecture (Fig. 1) could be implemented using
a comparator (instead ofez

+

− ez
−

). The system architecture
and circuit diagram for the pattern classifier is shown in Fig.
18.
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Fig. 18. System architecture and circuit diagram of the MP-based pattern
classifier.

In this example, we generated a synthetic linearly separable
dataset corresponding to classes: class I and class II. We
used a linear support vector machine training algorithm [13]
to determine weightw. The parameter vectorw is then
programmed as currents on the prototype chip. Test vectorsx

were selected randomly and were then applied as input to the
chip. For the sake of visualization, we show only results from
a two-dimensional dataset. In this special case, the classifier
equation (33) reduces to a two-dimensional inner product for-
mulation as described in the example in section I. The circuit
implementation is therefore identical to that of a full quadrant
multiplier in Fig. 12. Fig. 19 shows the classification boundary
and the classifier scores (negative values are represented by
darker shades, whereas positive values are represented by
lighter shades) obtained from software simulations and from
the fabricated prototype under different biasing conditions.
Again, the results show that the operation of the prototype
is bias-scalable and the classification performance has been
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Fig. 19. Classifier:z+ − z− simulated by (a) log-sum-exp function (simulation); (b) MPapproximation (simulation); and measuredz+ − z− when the
transistors are biased in (c)strong inversion (measurement); (d)moderate inversion (measurement); (e)weak inversion (measurement).

verified to be similar to that of the software model.

VI. CONCLUSIONS ANDDISCUSSIONS

Unlike translinear circuits, current-mode circuits whichrely
only on universal conservation principles like the KCL are
portable across different biasing regions of a MOS transistor.
In this paper, we proposed an MP based synthesis technique
which can be used to design analog circuits that are bias
scalable. At the core of MP synthesis is a PWL approximation
of the log-sump-exp function and in this paper we have shown
that many mathematical functions can be derived in terms of
log-sum-exp and hence MP functions. MP circuits use only
addition, subtraction and threshold operations to approximate
log-sum-exp functions and hence can be implemented using
a few transistors. The main advantages of the proposed MP
synthesis technique are summarized as follows:

• The circuits can operate over a wider dynamic range as
the transistors can span different biasing regions.

• MP synthesis provide a systematic approach for designing
MOS circuits operating in the moderate inversion region.

• The use of KCL and thresholding ensures that MP circuits
are insensitive to temperature variations.

• MP circuits operate in the log-likelihood domain where
complex functions such as multiplication, division,
square-root operations are mapped into simpler opera-
tions like addition, subtraction or scaling, making circuit
design less complex. Thus, large-scale analog systems
which use non-linear functions (e.g. support vector ma-
chines [2]) can be easily implemented using MP circuits.

• The operation of the MP circuits in the log-likelihood
domain enhances the dynamic range of the circuit which

is important for analog recursive computations like the
ones used in Hidden Markov Model (HMM) decoding.

However, there are several open challenges which we en-
vision will be a part of the future work in this area. The
role of the hyper-parameterγ in the circuit synthesis has not
been fully explored. It is anticipated thatγ will play a key
role in controlling the trade-off between the approximation
error and the power dissipation of the MP circuit. Also, the
application of MP-based synthesis can be extended to other
types of analog circuits like charge-mode or time-domain
circuits by using other universal conservation principleslike
charge conservation. Like translinear synthesis, MP synthesis
could potentially be extended towards designing dynamic
analog circuits like filters. Also, extending this work to operate
with real and imaginary quantities would also form a part of
the future work.

APPENDIX I
PROOF: MP AS PWL APPROXIMATION OF THE

LOG-SUM-EXP FUNCTION

Proof:
Given a set of operandsL1, . . . , LN , Li ∈ R, i = 1, ..., N ,

the generalized form of log-sum-exp function is given by

zlog = log

(

N
∑

i=1

eLi

)

. (37)

The derivative ofzlog with respect to one of the operands
Lk, 1 ≤ k ≤ N is given by

∂zlog
∂Lk

=
eLk

∑N
i=1 e

Li

=
eLk−zlog

∑N
i=1 (e

Li−zlog)
. (38)
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We introduce a variablez and define a step functionu(Li, z)
according to

u(Li, z) =

{

1, Li ≥ z,
0, Li < z,

1 ≤ i ≤ N.

It can be readily verified (shown in Fig. 20) thatu(Li, zlog)
is a lower-bound for the functione(Li−zlog). Also, the use of
step-functions to approximate gradients will lead to a piece-
wise linear functions when integrated. Equation (38) can be
approximated as

∂zlog
∂Lk

≈
∂z

∂Lk

=
u(Lk, z)

∑N
i=1 u(Li, z)

. (39)

Because the differential equation (39) consists of discontinu-
ities, we will find its solution only in the continuous regions.
For instance, we will assume that the integral is computed
in the region where

∑N
i=1 u(Li, z) which is constant. The

solution to equation (39) can be written as

z =

∑

i [Liu(Li, z)]− γ
∑N

i=1 u(Li, z)
(40)

whereγ is an constant of integration. Equation (40) leads to

N
∑

i=1

[Li − z]u(Li, z) = γ (41)

N
∑

i=1

[Li − z]+ = γ (42)

which is the MP functionz = M(L1, . . . , LN , γ).
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Fig. 20. The curve ofe(Li−z) and its PWL approximation curve ofu(Li, z)

APPENDIX II
MP SYNTHESIS OFPOWER FUNCTIONS

For an operanda, a ∈ R, its power function is expressed as
an, n ∈ Z

+. As illustrated in section III,a is expressed in its
differential forma = a+−a−, a+(a−)∈ R

+ anda+(a−)> 1.

For arbitraryn, an can be written as
(

a+ − a−
)n

=
∑

i

(−1)iCi
n

(

a+
)n−i (

a−
)i

=
∑

i: even

Ci
n

(

a+
)n−i (

a−
)i
−
∑

i: odd

Ci
n

(

a+
)n−i (

a−
)i

= e
log

(

∑

i: even C
i

n(a
+)n−i(a−)i

)

−e
log

(

∑

i: odd C
i

n(a
+)n−i(a−)i

)

.
(43)

Designatez+ as log
(

∑

i: even C
i
n (a

+)
n−i

(a−)
i
)

and z− to

representlog
(

∑

i: odd C
i
n (a+)

n−i
(a−)

i
)

in (43). Then

z+ ≈ M(L+, γ).

z− ≈ M(L−, γ). (44)

L+(L−) is a group ofLis satisfying

Li = logCi
n + (n− i) log a+ + i log a−, (45)

i ∈ [0, n] and i is even(odd).
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