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Abstract— Approximation techniques are useful for imple- MOS transistor operating either in strong or weak inversion
menting pattern recognizers, communication decoders andes- Hence, translinear circuits designed to operate in onerigjas
sory processing algorithms where computational precisionis regime are generally not portable to the other. Also, while

not critical to achieve the desired system level performare L - L . S ;
In our previous work, we had proposed margin propagation operating in weak-inversion is beneficial for achievingesigr

(MP) as an efficient piece-wise linear (PWL) approximation €nergy-efficiency and while operating in strong-inversisn
technique to a log-sum-exp function and had demonstrated beneficial for achieving higher-speed, it has been argued
its advantages for implementing probabilistic decoders. it this  that a better speed-energy trade-off is achievable when the
paper, we present a systematic and a generalized approachrfo yangjstors are biased in the moderate inversion regimp [11

synthesizing analog piecewise-linear (PWL) computing cauits . . ;
using the MP principle. MP circuits use only addition, subtraction [12]. Currently, no current-mode synthesis techniquetexar

and threshold operations and hence can be implemented usingimplementing mathematical functions using MOS transsstor
universal conservation principles like the Kirchoff's current biased in moderate inversion. However, if we can design
law. Thus, unlike the conventional translinear CMOS currert-  circuits that operate using only universal conservatiomsla

mode circuits, the operation of the MP circuits are functiorally (e.g. current or charge conservation), the circuits shdd
similar in weak, moderate and strong inversion regimes of tie . . i

MOS transistor making the design approach bias-scalable. fiis portable across different biasing conditions.

paper presents measured results from MP circuits prototypd In this paper we propose a bias-scalable framework for

in a 0.5m standard CMOS process verifying the bias-scalable synthesizing analog computational circuits based on a imar
property. As an example, we apply the synthesis approach y g g P g

towards designing linear classifiers and we verify its perfanance ~ Propagation (MP) principle which uses only thresholding

using measured results. operations and the Kirchoff’s current conservation pipiei
Index Terms— Piecewise-linear (PWL) circuit, margin prop- MP principle was .|ntr0duced in [13] as a plec.e-W|se.I|ne.ar

agation (MP), analog computation, translinear, current-node (PWL) approximation to the log-sum-exp function which is

circuits, moderate-inversion circuits. extensively used in communications [14], optimization][15
and learning [13] algorithms. In this paper we show that the
. INTRODUCTION MP principle can be used to implement a wide-range of linear

OR applications that do not require high computationgpd non-linear mathe_mz;hcal functions. An !mportantlanma
recision (e.g. pattern matching), current-mode analgf MP based synthesis is that all computations are performed
P Iy ' |r9the logarithmic domain, as a result of which multiplicets

signal processing (ASP) offers several advantages ovéadig . . L . .

. . . ; ..~ map into additions, divisions map into subtractions and grow

signal processing techniques in terms of energy efficienc . . Lo T
. computations map into multiplications. This simplifies the

and speed [1], [2]. By exploiting the computational primit implementation of many complicated non-linear functions
inherent in the device physics, complicated mathematical” y P '

functions can be implemented in analog, using significantly We illustrate the basic synthesis procedure using a simple
lower number of transistors as compared to its digital couaxample. Consider a functiofi given by
terparts [2], [3]. The most popular approach for synthegjzi
current-mode analog computational circuits is based on the f=a1-bitay-b @
translinear principle which exploits the exponential emtrto- where a;,as,b1,b € R are the operands anddenotes a
voltage relationship observed in bipolar transistors[8]and  multiplication operator. The operands can be converted int
metal-oxide-semiconductor (MOS) transistors biased iakwe their differential form according to
inversion [6]-[8]. In [9], [10], the translinear principlbas n _ n _
also been extended towards synthesizing current-modsitsirc I S e R S
using MOS transistors biased in strong-inversion. by =07 = by, by =by — by,

All CMOS based translinear synthesis techniques share QORerea;,a;,al, a5 ,bf,b7,bF,b; > 0 are positive differ-
common property: they rely on the physical response of tildtial components. Each of these positive components can be
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Accordingly, (1) can be converted into [1. LOG-SUM-EXP APPROXIMATION USING MARGIN

f= et _ & @) PROPAGATION
wherez" andz~ are expressed as 1 ]
o+ = log (ele-ﬁ-Lb*l 4 oola ey Ll | oL, +L;2) . [Li —i]+
7 =log (eLIIJrL;l Lkl g Ly, o eLI2+L;2) -1 .- -

®3) 1,

Thus, evaluation of the functiori can be decomposed into
three steps: (a) input processing step which computes the lo
likelihoods L} and L, based on the input; (b) log-sum-
exp computation step given by equations (3); and (c) output
processing step which computgdased on equation (2). We
will show in this paper that for most functions, the input angig. 2. lllustration of reverse water-filling procedure
the output processing steps are similar to equations shown
above. The only differ_ence in proces_sing Iies_ in the form of Given a set of likelihood scorek;, i — 1,... N, a general
the log-sum-exp functlo_ns as sh_owr_1 in e_quatlon (3). __form of log-sum-exp function is given by
In MP based synthesis the objective will be to approximate

the log-sum-exp functions and in the process generateeliffe N

Zlog = log (ZeLi)

=1

(4)

forms of linear and non-linear functions. Fig. 1 shows the
architecture of a generic MP-based analog signal processor
The input differential signalss = a* —a~, b = b+ — b~ In MP approximation,z;,, is estimated using: which is
are converted into their logarithmic form, processed by @®mputed according to a reverse water-filling constrai6f [1
MP circuit and the differential outputst and »~ are used expressed as:

to compute the final output according to (2). For many N

applications, for instance in pattern recognition, onlg #ign Z[Li =2 =7 ()

of 2T — 2~ is important, so the output stage could potentially
be replaced by just a comparator. wherg-]; = maxz(-,0) denotes a threshold operation and

~ > 0 represents a parameter of the algorithm. The solution
____________________ to equation (5) can be visualized using Fig. 2, where the

i=1

a’ loga" =L, Z+i - o Cumulative score beyonﬂ(s_hown by the sha(_jed area) equals
(—‘g a | Q |loga” =L, EEATN Y AN § ~ . It can be shown that is a PWL approximation tc:;,
> " © : : MP based ! g © and the sketch of the proof is summarized in Appendix I. For
N RN R I P = 9 the rest of this paper, we will denote the MP function as
5 b |3 logh* =L} circuit - =
» X > - 5 z - —
g’ b7 E lOgb _iLbV _|_>Z ; 8 _>€ 8 Z—M(Lla"'aLN;/Y)' (6)
i ! The MP based PWL approximation is illustrated graphically

log-likelihood domain for the following function

computation unit Li+L2
° otn. 1) =toe (" or ). @
Fig. 1. Generic architecture of an MP-based analog processo which is commonly used for implementing communication
decoders [17], [18]. First, similar to our example in sectio
The paper is organized as follows: Section Il briefly de- we express(-) in terms of the differential components of
scribes the mathematical concepts underlying the MP basgdarguments, i.e.L; = Li — Ly, Ly=L} —L; as
approximation followed by section Il which presents ex- o —
amples of MP circuits implementing the basic mathematicl%b; Ly)=1 efatly yeliths
functions. We juxtapose the theoretical and measuredtses b2 & eli Ly L Li+ly |’
in this section to demonstrate the bias-scalable propéiyeo o I R o
MP circuits. All the measured results presented in this pape :10g(6L1+L2 +elith ) *10g(6L1+L2 +€L1+L2) :
have been obtained from circuits prototyped in a standard (8)
0.5um C.MO.S teqhnology. Section IV analyzes t_he Scalab_i"nfhus, ¢(L1, Ls) is represented as a difference of two “log-
of. MP circuits with respect to fundamgntal noise, trans'St%um-exp“ functions, each of which is approximated by its MP
mismatch and speed. In section V, we illustrate the symhegl uivalent as:
procedure by designing an MP based linear pattern classiﬂe? '
In section VI, we conclude the paper by describing somg L1, Ls)~M(L; +Ly, LT +L§y)—M(LT+L;, Ly +L3 ).
extensions of the proposed work. 9)



Fig. 3 shows the MP-based PWL approximationggf) for Input Stage

a fixed value ofy, when one of the operands, is varied. Vi Vi Vi Vi

The figure also shows the results when different number of )
operandd.y, .., L are used in equation (8). The results visu-
ally show that as the number of operands increase, more linea
splines are introduced in the MP function which improves
the quality of the approximation. This trade-off betweep th Izl
approximation error and the number of operands also holds

L4
for other forms of the log-sum-exp functions. In [19] we used l N%’ -% -|:I -|:I

ds,sat

.
P

ds,sat

the MP approximation to implement an analog LDPC decoder

and compared its performance with an equivalent decodér [20 =

using a min-sum approximation of equation (7). We would like

to point out that MP approximation is more general than ti{éd- 4. CMOS implementation of the core MP circuit.
min-sum approximation and both approximations are idahtic

when~y — 0. o . o
This is important because the operation of the MP circuig¢sel
15 on the accuracy of the current mirrors formed Ny ~ N,.
Also, to ensure proper operation of the c40re MP circuit the
1T input currents have to satisfy the constraE Iy, > 1, and
0.5¢ the input current range can be expressea_és
< o S1nCox ()5 Vaa)? > Tz, > 0. (10)
<
-05 —=— MP with 2 operands In the derivation of the upper-bound of the input currengean
—a—MP with 4 operands we have assumed that tiig, >> I, and the PMOS and the
-1r ——MP with 6 operands NMOS transistors have similar drain-to-source voltagepdro
—— log-sum-exp (implying Vg ~ V44/2). It should be noted that the PMOS
-1-§5 0 5 diodes in circuit shown in Fig. 4 introduces a thresholdagét
L drop which implies that the supply voltage has to be greater

! than 2Vgs + Vps. However, a low-voltage implementation

_ _ o of the circuit in Fig. 4 is possible by replacing the PMOS
Fig. 3. Trade-off between quality of approximation and thember of  gjndes by low-threshold active diodes [21], but at the exgen
operands as achieved by MP function . . S

of larger silicon area, higher power dissipation and deggad
speed and stability.

IIl. MP BASED COMPUTATIONAL CIRCUITS
A. Basic MP circuit

A current-mode circuit implementing the basic reverse
water-filling equation (5) is shown in Fig. 4. The four opettan
Ly ~ Ly in (6) are represented by currents, ~ I;,. The
hyper-parametety in (6) is implemented by the curredt,.
The circuit in Fig. 4 bears similarity to other parallel cemt-
mode circuits like the winner-take-all circuits. Howeves
mentioned in the previous section, the MP implementation is : :
more general and fof, — 0 the MP circuit implements a SRs & MP circuits
winner-take-all function. The Kirchoff’s current law (KQL
when applied to nodel, is equivalent to the reverse water-
filling condition Zle[l,;i — L]y = I,. I. represents the Fig. 5. Die micrograph of the chip
MP approximationV/ (L1, .., L4,7), and[.]+ denotes a rectify
operation which is implemented by the PMOS diodgs~ We have prototyped a programmable version of the MP
Py. It can be readily verified that the PMOS diodes ensumgrcuit shown in Fig. 4 in a 0/&m standard CMOS process.
that Vps v, = Vsa,p, + Vbs,sat, WhereVpg n, is the drain- The architecture of the prototype is shown in Fig. 6 and its
to-source voltage drop across transistqri = 1, ..,4, Vsg p,  micrograph is shown in Fig. 5. A serial shift-register is dise
is the voltage drop across the PMOS diodes Bpd . is the for selectively turning on and off each of different bransloé
saturation voltage across the current sigk Thus, transistors currents. In this manner, the same MP circuit in Fig. 4 can be
N; ~ N, are always maintained in saturation irrespective @éconfigured to implement different mathematical funcéion
the operation region (weak, moderate and strong inversioiihe architecture in Fig.6 uses an on-chip first-ordeh
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Fig. 6. System architecture of the chip

modulator as an analog-to-digital converter for measurgme = log (el"g ot 4 elos b+)
and calibration of the output currents. Because the cscuit ot ot
used for implementing th& A modulator have been reported = log (e ¢ Fe ) : (13)

elsewhere [22] we have omitted its implementation details We now apply the MP approximation to the log-sum-exp
this paper. The input currents and hence the operatingrregitanctions to obtain

(weak, moderate and strong inversion) of all the transistor

are adjusted by controlling the gate voltages of the PMOS zH = M(LT, L, y). (14)
transistors. For each of the operating regions, the ADC-is re. .

calibrated to the maximum current and the measured resustlgn”a”y’

(presented in the next sections) are normalized with régpec 2z~ =log ((f + b*)

the maximum current. log (elogaf n elogzr)

_ Ly L
B. MP based Addition = log (e te )

To computea + b with respect to the two input variables ~M(Ly, Ly ;) (15)

aandb, a € R,b € R the o+peran7ds are first+repr%seqted N Since the equation (14) and the equation (15) uses only two
th+e|rij|ﬁirerltlal f0r+m3a =a” —aandb =07 — b~ with  herands; its circuit level implementation is identicalFig.
a®,a”,b",07 € R™. Then, the operation is rewritten as iny except that it has only two input branches instead of four.

Fig. 1 The single-ended circuit for addition is shown in Fig./7+,
a+b=at —a +bt —b™ the current througiVo, represents the value of". 1, +, Inr
— (a* +bT) = (a” +b7) and I, representd, L;” and~y respectively.
_ elog(a*—&—b*) _elog(af-f-b*)- (11)
I; I;
L) bl

All the operands are then mapped into a log-likelihood domai

according to
L} =logat, L, =loga™, I +l P l P2 l
Lf =logb"t, L, =logb™, : L] L]
I

N2 !
17

Fig. 7. MP circuit for implementing two operand addition

|
whereLf € R, L; € R, L) € R, L, € R. Since, our Not Nf
circuit implementation uses only unipolar current souyees

impose additional constraints™, o=, b", b~ > 1. Due to the
differential representation, this additional constraiill not

affect the final output. Let™ denotelog (a™ + b") and z~

denotelog (a~ + b7). Then, (11) can be written as

. B Fig. 8a (a)-(c) compares the output — 2~ obtained using
atb=e —e* . (12) floating-point implementation of the “log-sum-exp” furantis,
using floating-point implementation of the MP approximatio
and from measurements (normalized currents) using the fab-
2zt =log (at + ") ricated prototype.

andz™ can be expanded as



@) (b) (©

Fig. 8. Addition: z+ — 2~ computed according to (a) the original log-sum-exp fumgti(b) MP approximations (simulation); and (c) MP circuits
(measurement).

(d) ®

Fig. 9. Addition: measurement results for — 2~ with transistors biased in (a)strong inversion; (b)motienaversion; (c)weak inversion; (d)-(f) computation
errors for (a)-(c).

Fig. 9 (a)-(c) show the measurement results when ti& MP based Subtraction
transistors are biased in (a) strong inversion; (b) moderat
inversion; and (c) weak inversion. Fig. 9 (d)-(f) show the . . ) )
approximation error between the measured response and th ynthesizing an MP C!I’CU.I'[ forsubtractlm_rf), with a andb
software model. The results validate our claim for the addit being t_he two operar_1ds IS S|m|I§1r to th? addition Opefafrd"fi
operation that MP approximation is scalable across dmereoperatlonfan bf written J'rn a7d|fiere7nt|al foJ[m @assa —a
biasing regions and the circuit in Fig. 7 approximates thaend bizf B b7, with a¥,a ’?) ’b. € R™ and satisfying
"log-sum-exp” function with a reasonable error. The errdt *@ »07:b~ > 1. Thus,a — b is written as
increases when the circuit is biased in the weak inversion a—b= (a+ — a—) — (b* — b_)
and as with any sub-threshold analog VLSI circuit, which _ (a+ +b*) B (a, +b+)
we attribute to transistor mismatch, flicker-noise, andresr L L
introduced in mapping floating-point operands into analog — elog(a”+b7) _ glog(a”+07) (16)
operands (currents). which after conversion into a log-likelihood domain

LY =logat, L; =loga™,

a

L} =logb™, L, =logb,



leads to represents. I, (1, ), IL?(IL?) represent (L), L; (L;)

= log (a* +b7) respectively.
— log (eloga+ 1 elos b’) 121 I 117 I 10 I lT
= log (eLa+ + eL;) “ - “ :
~ MLy, Ly ) (17) 1| El El
and ’ .j j

z~ =log (a_ + b+) | jl
_ log (eloga7 + elogb+)

= log (eL; + eL;)

~M(Lg, Ly, 7) (18)

)
<_||

E

Fig. 12. MP circuit for implementing four quadrant operandltiplication

where z* and 2z~ are differential forms of the output log- Fig. 13 compares the measured outptit-z~ with the ideal
likelihoods as described in (2). The circuit implementatioimplementation of the model (20) and (21). Fig. 14 (a)-(c)
of subtraction is identical to that of addition, except thie shows the measurement results when the transistors aesibias
input differential currents are now permuted. Fig. 10 corapa in: (a) strong; (b) moderate and (c) weak inversion along wit
the measured response with software based “log-sum-exp” ahe respective approximation error. Again, the measuradtse
MP implementation. Also, Fig. 11 (a)-(c) shows the measuratiow the bias-scaling property of MP circuits.

results when the transistors are biased in the three differe

operating regimes. Similar to the results obtained for the

addition operation, the measured result show the biasisieal E. Single Quadrant Division

operation of the MP circuits. Like the implementation of a single quadrant multiplicatio

implementing a single quadrant division in logarithmic dom

D. Four quadrant multiplication is straight-forward. For operands b > 0, division in the
. , . ) . logarithmic domain is equivalent to a subtraction operatio
Implementing a single quadrant multiplier using MP CII‘CUILa_Lb which can be implemented using KCL. To implement

is strgight-forwar(ilj because = a]; IIJ'Iinl'i:\S Iogaiithmic form four quadrant division, the operation first requires extrac
can be expressed as a sum of likelihoddls = Lo + Ly, e sign of the operand as= sgn(z) - |z|, where|z| is the

where L, denotes the logarithm of the operand Thus, a absolute value of:. A single quadrant division can now be

single quadrant multiplier requires only a current sumorati used for the absolute values and the sign of the final output
and can be implemented using KCL. For an MP-based fOLH’én be computed using only comparators

qguadrant multiplier the operatiom - b is again expressed in
terms of the differential operands as:

a-b— (a+ _ a—) . (b* _ b‘) F. Power and Polynomial Computation
=(at bt +a b)) —(a” b +atb7) For positive operands satisfyinge R™, a > 1, computing
_ Qos(at bt ab7) _ Jlog(a” bt 4atb) (19) a™, n € ZT in the logarithmic domain is equivalent to

log (a") =n -log(a),

After log-likelihood mapping, the following differentidbrms
=n- L. (22)

are obtained
which can be implemented using a simple current mirror

2+ =log (a+ bt +a- ~b*) as shown in Fig. 15. Thus, in MP-based synthesis, power
lon(at bt - functions like square-root or cube-root can be implemented
= log (6 og(a"7) +e°g(“ ' )) using current mirrors which significantly simplifies the im-
~M(LE+ L, Ly + Ly ,7) (20) plementation compared to trqnsllnear ba_sed synthesis [7].
However, for a four-quadrant implementation of power and
and polynomial function would require evaluating a Taylor expa

sion using multiplication and addition operations. Detaif
the implementation is provided in the Appendix II.

= log (el(’g(aibﬂ + el"g(a+'b7)) As an example, a four quadrant square functidrcan be

N _ + o4 - implemented by expressing it as a product of two differéntia
PM(Ly o+ Ly L+ Ly ) (21) operands asa™ —a~) - (a* —a~) which has an architecture
The circuit implementing an MP based four-quadrant multsimilar to the four-quadrant multiplier described in sentll|-
plier is shown in Fig. 127+ denotes the value oft. I, D. The differential outputz* and z~ corresponding to the

z~ =log (a*~b++a+~b*)



Fig. 10. Subtractionz™ — 2~ computed by (a) original functions; (b) MP approximatiossrulation); and (c) MP circuits (measurement).

Error

(d) (e) ®)

Fig. 11. Subtraction: measurement results 40r — 2~ with transistors biased in (a)strong inversion; (b)motieiaversion; (c)weak inversion; and (d)-(f)
show respective approximation errors.

(b) (c)

Fig. 13. Multiplication: 2+ — z— computed according to the (a) original function; (b) MP apimations (simulation); and (c) MP circuits (measuremient



(b)

Error
Error

(d)

Fig. 14. Multiplication: measurement results fot — 2~ with transistors biased in (a)strong inversion; (b)moteiaversion; (c)weak inversion; and (d)-(f)
the respective approximation errors .

b I — Original function
Lal l z 15k : ——MP simulation
N -=-Strong inversion
w . -4 -Moderate inversion
- | M Mz | == | - »-Weak inversion 72 |
L) 2 | 1
N
= = L
N
Fig. 15. A current mirror implementing the power functionlagarithmic 0.5¢
domain.
0,
square operation can be expressed in terms of differential | -6 -4 -2 0 2 4 6
likelihood inputsL}, L; as 2
+ ~ + 97—
2t =M (2La ) 2La 7’7) (23) Fig. 16. Powert — 2z~ computed according to the log-sum-exp function,
2~ =log2 + L(Jlr +L; (24) the MP approximation simulation and the MP circuit measmem

Fig.16 shows the measured results when the circuit in Fig. 12

has been configured to compute a four-quadrant square fuAc-Noise and Mismatch Analysis of MP circuit

tion. Again, the circuit is shown to approximate the “log¥su  The noise model for the basic MP circuit in Fig. 4 is shown

exp” function for strong-inversion, moderate-inversionda in Fig. 17. For the following analysis we will assume that the

weak-inversion biasing conditions. number of input current branches in the MP circuit equéls
Due to the MP constraint (5) we will assume that the noise
in only K — 1 of the parallel branches are uncorrelated (due

V. SCALABILITY ANALYSIS OF MP CIRCUIT to KCL constraints). The total output noise powEr, can
therefore be expressed as: '
In Fig. 3, we showed that the accuracy of the PWL

approximation improves when the number of operands in the K [ r2 72 72
margin function increases. In this section, we analyzeffeete 2 — Z ILourees n,Ni s . -
of hardware artifacts (noise, mismatch, speed and inpiptou ;=1 (K -2) (K -2) I B ource (K = 2)
impedance) on the performance and scalability of MP ciscuit 2 )

+ ==+, n (25)

K2



V. TV Vi current source in Fig. 17 according to
: 2

GB} o’(I) ~ g2, 0*(AVr) = g7, éVVT (29)

Hence, similar to the noise analysis, the error variancéén t
output curren?(1,) is given by:

212 |

n,source,

i i

B sourcey:

I,
o' A‘EX o
A 2
Noé \|—: ' Nt A \-q‘ N2 Nk g ( z) = + E + g2 R2 K 9m WL ( )

: : R =
S : Equation (30) shows that for a larg€ the accuracy of the
1@%

MP circuit is limited by the mismatch due to the output
current mirror stageNy. Thus, all layout and impedance
transformation methods which are used for improving the
accuracy of current mirrors, like centroid layout and caécg
techniques, can be used to improve the accuracy of MP
circuits. The use of cascoding at the output stage tramsisto
Ny increases the output impedance and makes the core MP
module scalable to implement large networks.

Fig. 17. Noise model for MP circuit in Fig. 4.

where I, source;» In,n;» In,p,, @nd I, s, are noise currents
as shown in Fig. 17 and,.,.. is the output impedance B. Speed and Bandwidth Analysis
of the current sources. We have simplified the expressionAs with other current-mode circuits, the transient respons
in (25) by assumingk to be large and by assuming that thef the MP circuits is determined by its: (a) slew-rate which
small-signal parameteis,, R..urc. for all the transistors are determines the large-signal response; and (b) bandwidithwh
approximately equal. Equation (25) can be written as determines the small-signal response. The nédeFig. 4 has
1 8 the largest capacitance and is discharged by the cuirent
I . thermat = |1+ i PR K 3+Tgm,  (26) Therefore, the slew-rate of the MP circuit can be expressed
m source aS:

where we have considered only the effect of thermal noise as I
given by I? = 8/3kTg,, [23]. The effect of the flicker-noise SRa =4 G C” = (31)
has been ignored in equation (26), because it exhibits dasimi (Cas,N +Cas,p+Cpg,p)
dependency ork as the thermal-noise. Equation (26) show@here Ccs, v represents the gate-to-source capacitance of
that as the number of branches (or operaridsihcreases, the NMOS transistorV; throughNg, andCes p/Cpp,p denotes
output noise reduces and in the lindit — co, the output noise the gate-to-source/drain-to-body capacitance of the PMOS
is just equal to the noise due to transisdy. The reduction in transistorP; through Px. Equation (31) shows that the slew-
the output noise with the increase/fi can be attributed to the rate will reduce when the number of input branchi&s
attenuation and averaging effect of thestage current mirrors increase. However, the small-signal bandwidth of the drcu
formed byN; ~ Ng. Also, it is important thag,, Rsource >> r€Mains invariant with respedt and is determined by the
1, not only for reducing the effect of noise but also to ensuféequency of the pole located at nodeand is given by
that the input impedance of the MP circuit is much lower than f B Im.P (32)
the output impedance of the current sources (see Fig. 17). —3dB,A = 21(Cas.n +Cas.p+Cpp.p)

The mismatch analysis for the MP circuit follows a similagm.» represents the small-signal gate referred transconduc-
procedure as the noise analysis. The MOS transistor misma@nce for the PMOS transistorB; ~ Pr. The slew-rate
models used in the analysis are based on the work reporfétfl Pandwidth analysis show that scaling of MP circuit is

in [24] which uses two technology dependent constahis limited by the application specific speed requirements fwhic
and A4 that determine the mismatch variance as: is controlled by the currenf,. However, unlike translinear

synthesis this limitation can be overcome in MP circuit by

AQ hi . . - K .
UQ(AVT) _ m)/z 27) re-biasing the circuit in strong-inversion.
2 2
(U (AB) _ ﬁ (28) C. Performance comparison with Translinear synthesis
I6] WL

In this section, we summarize and compare the performance
Vr denotes the threshold voltage,= n.C,,W/L, W and L. of CMOS circuits designed using MP based synthesis with
represent the width and length of the MOS transistor. It @@rcuits designed using translinear synthesis. The coisqas
also claimed in [24] that for MOS transistors the mismatcmade here are qualitative in nature because many of the
in Vr dominates the mismatch ifi. Therefore, in this paper, performance metrics (silicon area and power dissipatioe) a
our analysis is only be based on the mismatch. The error dependent on the topology and complexity of the translinear
variances?(AVr) can be converted into an equivalent nois€TL) circuit.
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o Accuracy: MP based synthesis relies on PWL approxi- =e* —e* . (35)
mations at the algorithmic level. However, the accurac\Mhen n
z

of its circuit level implementation using CMOS current- and.~ are expressed as

mode circuit is only limited by mismatch. Our analysis N

in the previous section showed that the techniques used 2* = logz (wi ) +wya;)

for designing precision current-mirrors can also be used i=1

to improve the accuracy of the MP circuits. TL based AM(Lu, ™+ Loy, L, ™ + Loy s
synthesis, on the other hand, are precise at the algorith- Lon ™4 Loy Ly~ + Loy 27)
mic level. However, their mapping to CMOS current- N

mode circuits is approximate due to the effect of sub- .- _ 1ng (wi 27 +w x})

threshold slope (unlike bipolar transistors) and finitdrdra P

impedance. These artifacts also introduce temperature ~M(Lo,t + Lo, " L, ™ + Loy, ..o,

dependency in TL circuits, whereas MP circuits are _ _
theoretically temperature invariant. Also, due to their Lun™ + Loy~ Luy ™ + Loy ™). (36)
operation in weak-inversion, CMOS TL circuits are morgwiJr(Lw;) and LII.*(L_T[) denote the logarithms of
prone to errors due to mismatch, whereas the MP circuusf(w;) andx;r(xlf) in equation (35). For a binary classifier,
can be re-biased in strong-inversion if higher precision tnly the sign of: ™ — 2~ is important, implying that the output
desired, but at the expense of higher power dissipatiostage in the architecture (Fig. 1) could be implementedgusin
« Dynamic range: The bias-scalable property of the MPa comparator (instead af  — ¢* ). The system architecture
circuit enables it to achieve a larger dynamic range comand circuit diagram for the pattern classifier is shown in. Fig
pared to a TL circuit. Also, MP synthesis uses currents tg.
represent log-likelihoods which can also achieve a larger

Iin

dynamic range. ;
« Speed:For an MP circuit higher speed can be achieved by o IS R T
re-biasing the circuit in strong-inversion, without chang |
ing the circuit topology. For CMOS translinear circuits Il
higher speed can be achieved by the use of large currenits
which implies using large size transistors to maintainrthei: - — fl — fl - f'

operation in the weak inversion. This will increase the!
silicon area when compared to an equivalent MP circuit, =

- <
~ N

V. APPLICATION EXAMPLE: PATTERN CLASSIFIER w,l

One of the applications where ultra-low power analog
computing is attractive is pattern classification [2], [28lost
pattern classifiers do not require high precision and anjogna
artifacts (like mismatch and non-linearity) can be calibda
using an offline training procedure. In this example, we hse t
MP circuits to design a bias-scalable linear classifier.n®dir Fig. 18. System architecture and circuit diagram of the MBeldl pattern
classifier implements an inner-product computation betwaee classifier.

weight vectorw € R" and the classifier input € R™ and is
given by In this example, we generated a synthetic linearly separabl

f=wlx (33) dataset corresponding to classes: class | and class Il. We

) , . ) .. used a linear support vector machine training algorithni [13
The weight vectorw is determined by an offline training, getermine weightw. The parameter vectow is then

procedure [2] using a labeled training dataset. The twoorect programmed as currents on the prototype chip. Test vegtors

Inner Product
with
MP Circuit N

Input Signals
.
Input Stage

Comparator

W and X are expressed in differential form as were selected randomly and were then applied as input to the
W=wt_w" chip. For the sake of visualization, we show only resultsifro
T T _ T a two-dimensional dataset. In this special case, the @lassi
= [w],wy,...,wy]" —[w,wy,...,wy] . e . .
L - equation (33) reduces to a two-dimensional inner produet fo
X=X"-% mulation as described in the example in section I. The dircui
=[x, 25, o)t — o7, 2y, 2y (34) implementation is therefore identical to that of a full qreat

multiplier in Fig. 12. Fig. 19 shows the classification boand
and the classifier scores (negative values are represegted b
darker shades, whereas positive values are represented by
N N lighter shades) obtained from software simulations anchfro
W= Z (wi o +wia;) - Z (wiz; +w;ay) tk?e fabricated)prototype under different biasing condiio
i=1 =1 Again, the results show that the operation of the prototype
— eloe Xy (wial i) log 3T, (wiel +wlwl) g pias-scalable and the classification performance has bee

with all the w;" (w;") andz (z;) € R*. Then equation (33)
can be rewritten as
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Class |
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Fig. 19. Classifierzt — 2~ simulated by (a) log-sum-exp function (simulation); (b) MPproximation (simulation); and measuret — z— when the
transistors are biased in (c)strong inversion (measurgm@)moderate inversion (measurement); (e)weak ingar¢measurement).

-0.5

x O
o
)
N
]

verified to be similar to that of the software model. is important for analog recursive computations like the
ones used in Hidden Markov Model (HMM) decoding.
VI. CONCLUSIONS ANDDISCUSSIONS However, there are several open challenges which we en-
Unlike translinear circuits, current-mode circuits whiely vision will be a part of the future work in this area. The
only on universal conservation principles like the KCL areole of the hyper-parameter in the circuit synthesis has not
portable across different biasing regions of a MOS traosistbeen fully explored. It is anticipated that will play a key
In this paper, we proposed an MP based synthesis technigole in controlling the trade-off between the approximatio
which can be used to design analog circuits that are biggor and the power dissipation of the MP circuit. Also, the
scalable. At the core of MP synthesis is a PWL approximatiegpplication of MP-based synthesis can be extended to other
of the log-sump-exp function and in this paper we have showypes of analog circuits like charge-mode or time-domain
that many mathematical functions can be derived in terms @ifcuits by using other universal conservation principike
log-sum-exp and hence MP functions. MP circuits use oniiharge conservation. Like translinear synthesis, MP ®gigh
addition, subtraction and threshold operations to appmai¢ could potentially be extended towards designing dynamic
log-sum-exp functions and hence can be implemented usiagalog circuits like filters. Also, extending this work toespte
a few transistors. The main advantages of the proposed Mih real and imaginary quantities would also form a part of
synthesis technique are summarized as follows: the future work.
o The circuits can operate over a wider dynamic range as
the transistors can span different biasing regions.
o MP synthesis provide a systematic approach for designing

APPENDIX |
PrROOF. MP As PWL APPROXIMATION OF THE

MOS circuits operating in the moderate inversion region. LOG-SUM-EXP FUNCTION
« The use of KCL and thresholding ensures that MP circuits  Proof:
are insensitive to temperature variations. Given a set of operands,,..., Ly, L; e R,i=1,...,N,
« MP circuits operate in the log-likelihood domain wheré¢he generalized form of log-sum-exp function is given by
complex functions such as multiplication, division, N
square-root operations are mapped into simpler opera- Ziog = log (ZQLZ) (37)
tions like addition, subtraction or scaling, making citcui i1

design less complex. Thus, large-scale analog systefiss derivative ofz
which use non-linear functions (e.g. support vector Mg |1 <k<Nis g
chines [2]) can be easily implemented using MP circuits. —

log With respect to one of the operands
iven by

. The operation of the MP circuits in the log-likelihood Oznog _ _ef* _ elnRes (38)
domain enhances the dynamic range of the circuit which 0Ly, Zij\il eli Zij\il (eLi—zwg)'
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We introduce a variable and define a step functiar(L;, z)  For arbitraryn, a™ can be written as
according to
’ (a —a)"
1 Li > 2,

u(Li, z) = { 0, Li<z 1SisN = _(-1)'C, (@)™ (@)’

It can be readily verified (shown in Fig. 20) thatL;, zi0¢ ) :Z ci(at)"™ (a*)z—z Ci(a™)" " (a7)
is a lower-bound for the functioa(’i—#=), Also, the use of i even i- odd

step-functions to approximate gradients will lead to a @iec 1og(zi:mc;(ﬁ)"”(a*)i)_ebg(zi: o Ch(a®)" 7 (a7)")
wise linear functions when integrated. Equation (38) can bé" (4é)
approximated as

0Z10g N 0z u(Ly,z2)

9z Designatez* aslog (Zi: wen CL ()" (a*)i) and z~ to
Lk 0Ly SN w(Ly,z)

(39) o
representog (Zi: oad C (@™)" ™" (a_)z) in (43). Then

Because the differential equation (39) consists of disnant
ities, we will find its solution only in the continuous reg&n
For instance, we will assume that the integral is computed z =ML 7). (44)
in the region where>"" | u(L;, z) which is constant. The L£+(£7) is a group ofL;s satisfying
solution to equation (39) can be written as

2t = M(LT,y).

Li =logC® + (n—1i)loga™ +iloga™ 45
= = . L.
SN u(Li, 2) i € [0,n] andi is even(odd).
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